Superfluids can transport heat via simultaneous opposite flows of their spatially interpenetrating condensate and thermal components. While this internal convection is usually described within Landau's phenomenological two fluid hydrodynamics, we apply quantum kinetic theory to a dilute Bose gas held beween thermal reservoirs at different temperatures, and show that the phenomenon also appears in collisionless kinetic regimes, and should be directly observable in currently feasible experiments on trapped ultracold vapors.
Because the dynamical simplicity of dilute ultracold gases allows us to distinguish essential mechanisms from the complex details that abound elsewhere, they are ideal many-body systems in which to probe the still poorly understood foundations of non-equilibrium statistical mechanics. Non-equilibrium time evolution in trapped quantum gases is a topic of high current interest [1] [2] [3] . Besides investigating non-equilibrium time evolution, however, cold gas experiments can also impose a wide range of spatial inhomogeneities, offering the complementary opportunity to study quasi-stationary transport phenomena. Yet experimental samples are typically so small and dilute that, although the gas does equilibrate by scattering and exhibits nonlinear mean field dynamics, kinetics is 'collisionless,' in the sense that the mean free path of quasiparticles is larger than the system size. In the consequent absence of local equilibration, most forms of transport cannot appear. But in this Letter we show that an unusual form of heat transport, known as internal convection, should be observable even in a collisionless Bose-condensed gas.
Internal convection has been observed in superfluid Helium [4] , and is usually described within Landau's phenomenological two-fluid theory [5] : under a temperature gradient, the thermal and Bose-condensed fractions flow through each other, in opposite directions, with no net flux of mass. As if to rebut the 19th century conclusion that cold is only lack of heat, condensate flows as a flux of cold, from cooler regions to hotter. This striking yet simple form of transport is a convection in the sense that it involves motional separation of the fluid, but in Fourier rather than physical space. While identifying superfluid and normal components in Helium can be subtle, the relative motion of condensate and thermal fractions in a dilute Bose gas is determined straightforwardly, according to the standard Penrose-Onsager definition [6] , from the single-particle reduced density matrix. Direct observation of these two fractions in time of flight expansion is a standard thermometry technique in experiments.
Since internal convection does not involve spatial separation, we will for simplicity consider a quasi-onedimensional sample. Although one-dimensional many- body physics can differ dramatically from that in higher dimensions, for finite samples there exists a (quasi-) condensate regime [7, 8] in which exactly similar mean field and quasiparticle theory governs both cases. This has been confirmed experimentally, for example in tests of Gross-Pitaevskii soliton dynamics in one-dimensional systems [9] . Our results are therefore not special to one dimension, but generic. Moreover we derive them in the collisionless limit, but hydrodynamic internal convection is already well known. And we estimate readily observable flow speeds, approaching the range of mm/s under currently attainable conditions. Our conclusion is that internal convection is a robust phenomenon that should be observable even well beyond the realistic regime that we consider.
Heat transport in a dilute Bose gas under a temperature gradient has indeed already been analyzed quantitatively in [10] , though without explicitly identifying internal convection. Since collisionless gas does not support local equilibrium with a smoothly varying temperature, however, we take a different approach. Rather than assuming a temperature gradient, we let two reservoirs of thermal gas, with unequal temperatures T L , T R , interact with a Bose-condensed system cloud in different regions, as sketched in Fig. 1 . Such a configuration could be achieved by trapping atoms of two different elements, or in a spinor condensate with spin-flipping collisions suppressed [11] . One species of atoms serves as the system, and the other populates the reservoirs, with the three samples spatially localized by species-dependent external potentials [12] . Species conservation prevents particle exchange between system and reservoirs, but collisions will still permit energy exchange [13] . Solving for the system steady state reveals non-equilibrium transport that includes internal convection.
We identify this steady state by finding the timeindependent solution to a quantum kinetic master equation for the full density operatorρ of the system gas. We derive this master equation by tracing over the reservoir sectors of the total Hilbert space, using the standard Born-Markov elimination method of quantum optics as applied to quantum gas kinetics by Gardiner and Zoller et al. [14] [15] [16] [17] [18] . For technical convenience we consider a discretized model with periodic boundary conditions: a Bose-Hubbard ring of 2M sites, with the two reservoirs coupled only to the diamatrically opposite sites m = 0, M , applying the reservoir-plus-localized-mode theory of [19, 20] . We then take a continuum limit of our model to describe continuous condensates.
The Born-Markov master equation presumes that the local atomic destruction operatorâ m at each BoseHubbard site m has the interaction picture evolution
for some set of eigenfrequencies ω and operator-valued Fourier co-efficientsα m (ω). Assuming that the reservoir coherence time is long enough to resolve all the system frequencies ω, we obtain [21] 
whereĤ is the system Hamiltonian, γ is the effective scattering rate of the reservoirs (taken as the same for both of them, for simplicity), and β 0,M = 1/(k B T L,R ) the inverse temperature of the respective reservoir. The non-Hamiltonian terms in our master equation (2) provide energy gain and loss, weighted by appropriate thermal factors in R(z), and with site-dependent phases contained in the Fourier co-efficientsα 0,M .
ForĤ we take a one-dimensional Bose-Hubbard model, which can represent bosons trapped in a lattice potential or, in the continuum limit, a bulk sample. This discretization will also facilitate comparison with transport problems in spin chains [22] and strongly interacting quantum gases [23] .
Here J is the tunneling rate between neighboring lattice sites,n = N/(2M ) is the average site occupation, and κ/(4n) is the on-site interaction energy. The system's chemical potential µ may be tuned for convenience, sincê N = mâ † mâ m commutes withĤ. We will consider an eigenstate ofN , with eigenvalue N .
The master equation (2) with Bose-Hubbard Hamiltonian (3) admits no general analytic solution. But in the strongly (quasi-)condensed case where almost all of the N ≫ 2M particles occupy a single mode, so thatn ≫ 1 while κ < ∼ J, we can solve for the steady stateρ analytically within a number-conserving Bogoliubov expansion. We begin with the Holstein-Primakoff transformation
which leavesÂ as a canonical lowering operator for N ≡Â †Â , while theb k are canonical bosonic destruction operators that all commute withÂ (and so withN ). We then assume a total number eigenstateN → N , and expandĤ in inverse powers of average site occupationn. With a subsequent Bogoliubov transformation,
for canonical quasi-particle operatorsĉ k , and coefficients
Herein, the eigen-frequencies Ω k = ω k (ω k + κ) contain the eigen-frequencies ω k := 4J sin 2 πk 2M of the noninteracting model.
With this Bogoliubov expansion we solve forρ = 0 by perturbing in 1/n and γ/Ω 1 . Assuming that although the reservoir coherence time is long, it is not long enough to resolve the very small frequency corrections fromĤ 1 , we base our Born-Markov interaction picture onĤ 0 , so that we have ω → ±Ω k (or 0) in (1) and (2), witĥ
Inserting this with (4) and (5) into (2), we find that our master equation describes the particle-conserving excitation and damping of Bogoliubov quasi-particle modes in the Bose-Hubbard system, due to scattering of reservoir particles from sites m = 0 and M . ExpandingĤ,M m andρ in 1/ √n and in γ,
leads to the following set of equations:
Equations (11)- (14) include no terms of ordern 2 orn 3/2 . Such terms are in principle possible, but vanish identically, showing that although internal convection is a coherent effect, it is not superradiant.
As usual in a perturbative master equation, the zeroth order equation (11) determinesρ 00 to be diagonal in theĤ 0 basis, but does not fix its diagonal entries. Rather, the diagonal elements of the left side of (13) vanish identically, determiningρ 00 through the diagonal terms ofM m0 . This yields a canonical distribution for each mode, but with a temperature that depends on Ω k (albeit weakly for small temperature difference):
The solution to the next higher order equations can be expressed in the formρ ij =ρ 00Ĉij . The detailed evaluation of the operator-valued factorsĈ ij is lengthy but straightforward and therefore shown elsewhere [21] . Here it suffices to note thatĈ 01 andĈ 11 include only combinations of odd numbers of quasi-particle creation and annihilation operatorsĉ † k andĉ k , whereasĈ 10 consists solely of even-numbered combinations.
To interpret our perturbatively obtained stationary quantum state (9), we compute the single particle reduced density operatorX, which acts in a single-particle Hilbert space:
Again we expand in γ and 1/ √n :
Note that the Bogoliubov expansion ofâ m means that different orders ofρ ij contribute to the same order inX.
It is now straightforward to show thatX 00 = 1/(2M ) andX 01 = 0. To zeroth order in γn, therefore,X has one constant eigenvector with eigenvalue of order 1 (the condensate), and many eigenvectors with eigenvalues of order 1/N (the non-condensate). By introducing the compact notation
we can express the leading term involving the rate of heat exchange with the reservoirs aŝ
There is no contribution from Trρ 12 because by normalizing Trρ 00 = 1 we have forced all higherρ ij to be traceless.) Given the forms of the eigenvalues ofX to zeroth order in γn, one can easily show that, to order γn,X N C 10 will perturb only the small eigenvalues ofX and their eigenvectors, whileX C 10 will alter only the condensate number and wave function by adding a homogeneous phase gradient representing a coherent condensate flow. Although the explicit evaluation ofX 10 is lengthy, therefore, it permits unambiguous analytical computation of the particle and energy currents, with the contributions to each from condensate and non-condensate fractions.
The particle current can be defined by recognizing the discretized version of the continuity equation:
We observe that the expectation value j m = Trρ m is nothing but an off-diagonal element of the one-particle density operatorX, and so although we have only evaluatedX perturbatively, no further approximation is made in extracting the particle current j m from it. Since we do not allow particle exchange with the reservoirs, there are no sinks or sources of particle density, and so our time-independentρ must have uniform j m = j, independent of m. And since our circular system's stationary state also has reflection symmetry through the diameter, this j must vanish. By distinguishing the condensate and non-condensate fractions, however, we reveal internal convection. The non-condensate current can then be computed by 
where χ m,k ∝ cos πkm M are Fourier factors, and n k is the expected quasiparticle population of mode k. WhileX N C 10 is obtained fromρ 10 , which involves only the Bogoliubov HamiltonianĤ 0 ,X C 10 is given byρ 11 , which includes the post-Bogoliubov dynamics ofĤ 1 . Because the total current j vanishes exactly, however, we know that the condensate current balances the noncondensate:
In this sense we have exhibited internal convection as a post-Bogoliubov effect, without needing to perform any post-Bogoliubov calculations (though these are nonetheless performed in [21] , and confirm the result). The only property ofĤ 1 that we have needed is its contribution to continuity. Furthermore, one can show from the fact that H is real that neither condensate nor non-condensate can have any stationary current of order γ 0 [21] . The I given by (23) is thus the internal convection current.
We can also derive I for the continuum limit, by introducing a lattice spacing a, and keeping the system's length 2M a fixed as a → 0. For a finite I, we must also extend our model straightforwardly by allowing each reservoir to couple to L/a adjacent sites, for some fixed L less than the total system size, rather than to only one site. For small relative temperature difference ∆T /T , we obtain the continuum internal convection current [21] I c = π
where ρ is the linear particle density, c the speed of sound in the gas, µ ∝ c 2 the chemical potential, and λ f = ( √ 2ρσ) −1 the reservoir particles' mean free path in the sample gas (assuming all atoms have equal mass). A numerical analysis shows that the discrete result (23) is already well approximated by the continuum limit (25) for system sizes around 100 lattice sites.
Eqn. (25) is our main result. It includes no dependence on the total system size: ballistic transport in the collisionless regime means that the effect depends on the temperature difference, rather than the temperature gradient, as it would in the hydrodynamic regime. Currently, k B T ∼ µ is not difficult to attain experimentally, so it seems possible to achieve an internal convection condensate flow velocity I/ρ not far below c, i.e. approaching the mm/s range, for sufficiently large condensates. The velocity of the much less dense normal component will be correspondingly greater, to obtain equal current. It should therefore be possible to observe internal convection as separation of condensate and thermal fraction in time of flight expansion.
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